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A Noetherian local ring R in characteristic p is called F-pure if the 
Frobenius map R -+ R is pure. A local ring in characteristic 0 is of F-pure 
type if, loosely speaking, its “reduction modulo p” is F-pure for almost all 
p (see Section 1 for a precise definition in our context; the general notion 
is due to Hochster and Roberts-see [HR], [HI). Trivially, the local ring 
of a smooth point on a variety in characteristic 0 is of F-pure type. 
In this paper, our aim is to use the results of [MS] on F-purity to give 
a characterisation of normal surface singularities in characteristic 0 of 
F-pure type. 
Let X be a normal surface over an algebraically closed field k, and let 
R = oPp:* be the local ring of a singular point; let f: Y + X be the minimal 
resolution of the singularity at P. Let E = E, + ... + E, be the reduced 
exceptional divisor, with irreducible components Ei. 
Let Z= Yx,SpecOP,, be the minimal resolution of the singularity of R; 
from the formal function theorem (see [Ha]) we have an isomorphism 
(R’f.+ Lo,), r H’(Z, Q), and hence a restriction map 
P: (R!L&), + W-5 W. 
If D is a reduced effective divisor on a surface, with irreducible com- 
ponents D,, . . . . D,, the graph of D is delined to be a graph with a vertex 
vi corresponding to each component Di, and an edge joining vi and uj (for 
i#j) for each point of intersection of Di and Dj. In particular, in the above 
situation, we may consider the graph of E. 
THEOREM 1. Let R = Co,,, be as above, where k has characteristic 0. Then 
R has F-pure type if and only tf E has only normal crossings, the restriction 
map p is an isomorphism, and one of the following holds. 
(i) E is an irreducible, smooth elliptic curve defined over a number 
field, which does not have complex multiplication, and has ordinary reduction 
at all but a finite number of primes (see the first remark below). 
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(ii) E is an irreducible rational curve with exactly one singular point 
(which must be a node, since E has normal crossings). 
(iii) E, z P1 for all i, and the graph of E is an n-gon (equivalently, 
(E-Ei.E,)=2for alli). 
(iv) R has a quotient singularity. 
(v) There is an inclusion of local rings R -+ S such that S is a finite 
R-module, Spec S + Spec R is an etale, cyclic Galois cover on the punctured 
spectra, and S has a singularity qf type (i). 
(vi) There is a normal surface singularity S of type (iii) above, with an 
even number of components in the exceptional divisor, and an involution u of 
S which has no fixed points on the punctured spectrum, such that R is the 
ring of invariants for 0. 
Remarks. 1. According to a conjecture of Lang and Trotter [LT], an 
elliptic curve E as in (i) does not exist. Some evidence in favour of the 
conjecture is provided by the recent work of N. Elkies [El. This will rule 
out the possibilities (i), (v) above. 
2. The possibility (vi) does occur; we give examples in Section 2. In 
(v), (vi) the ring S is obtained from R by “forming the Gorenstein cover,” 
a standard construction in singularity theory associated to a singularity in 
characteristic 0 whose dualising module is a torsion element in the divisor 
class group. The ring S is then well defined upto analytic isomorphism. 
3. K. I. Watanabe has analogous results in the Gorenstein case, 
obtained by different methods (see [WI). 
1. PROOF OF THE THEOREM 
Let k be an algebraically closed held of characteristic 0, X/k a normal 
surface, and R = OpoX. We can then find a linitely generated Z-subalgebra 
A c k, and a separated scheme % of linite type over A, such that 
X=Xx spec A SPec k. 
Further, we can choose A so that the structure map $: 5Y + Spec A has a 
section s: Spec A -+ % such that the corresponding section of X-+ Spec k 
has image P. 
We say that R is of F-pure type if we can find such a subring A c k, a 
separated scheme !X of linite type over k, and a section s: Spec A + %C such 
that for every closed point t E Spec A (i.e., maximal ideal in A), if 
X(t) = t,-‘(t) is the scheme theoretic libre over t, and R, = 0&t), xCt), then 
R, is F-pure. Equivalently, if 5?(i) = X(t) x Spec Fc,, Spec F(i), where F(t) is 
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the residue held at t and F(i) its algebraic closure, and if s(i) E $5(i) is the 
corresponding point, then Ri = tJlyCi,, a(T) is F-pure. It is easy to see that R 
is of F-pure type in our sense if and only if for any sufficiently small affme 
open set U c X containing P, U = Spec B, the k-algebra B is of F-pure type 
in the sense of [H]. Thus, without loss of generality, we may assume X is 
affine with a unique singular point P. 
If we have data (A, X, s) as above, and A c A’ c k for some finitely 
generated Z-algebra A’, let 5 = E xSpec A Spec A’, and let 3’ be the section 
of X’ + Spec A’ induced by s. If t’ E Spec A’ is a closed point and t E Spec A 
its image, then F(t’) is a linite extension of F(t) (both are fmite lields), and 
so F(P) z F(f), and R, E Ri. Thus R,. is F-pure if and only if R, is F-pure. 
Hence, if R is of F-pure type, then we can always assume that the data 
(A, X, s) as above are chosen such that A contains a given linitely 
generated Z-algebra A, c k. 
LEMMA 1. Let f: X + S be a projective morphism with fibres of dimension 
<d. Let 9 be a coherent Ormodule. For any S-scheme T, let X,= X xs T, 
and C!$ = g*9, where g: X, + X. Then the natural map 
is an isomorphism, where h: T -+ S and k: X,+ T are the natural maps. 
Proof: The statement is local on S, T; hence we may assume 
S = Spec A, T= Spec B. Then the lemma states that Hd(X,, 2&) E 
BOA Hd(X, 9). Since all tibres have dimension dd, we may assume (after 
replacing S by an afline open set, if necessary) that X has a covering by 
d+ 1 open afIine subsets U,, . . . . Ud. Let C*(9) be the Tech complex for 9 
associated to the covering, so that Hd(C*(9)) E Hd(X, 9). Now U; xx T, 
0 < i 6 d, give an affine open cover of X,, such that the associated Tech 
complex for $- is just C*(9)& B. Thus the lemma follows from the right 
exactness of - Oa B. 1 
Proof of the Theorem 
Let f: X + Y be the minimal resolution of singularities of X (i.e., of P E X, 
which is the unique singular point). Let E be the reduced exceptional 
divisor, with irreducible components El, . . . . E,. Then if R is of F-pure type, 
we may assume without loss of generality that (A, X, s) have the following 
additional properties: 
(i) For all closed points t E Spec A, X(i) is a normal, affine surface 
with a unique singular point s(t). 
(ii) There is a scheme Y + Spec A which is separated and of linite 
type, together with a projective A-morphism g: Y +X, such that if Y(t), 
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Y(i) are obtained from Y by base change to F(t), F(i), respectively, then 
gi: Y(i) +X(i) is th e minimal resolution of singularities, and 
Y=Yxs,,,,Speck. 
(iii) There are reduced Cartier divisors 8,, . . . . 6$, c Y which are flat 
over Spec A, such that 
and if gi(t), 4.(i) are obtained by base change to F(t), F(t), then 
&,(i), . . . . E,(t) c Y(t) are precisely the irreducible components of the 
reduced exceptional divisor of Y( 7) + X(t). 
(iv) If g: Y + X, then R’g*Q, is supported on s(Spec A) c X, is flat 
over Spec A, and satislies base change (by Lemma 1) giving isomorphisms 
(v) If h ;: 4. + Spec A, then hi is flat and satislies base change (by 
Lemma 1) 
The proofs of the above properties are standard. 
Now if R is of F-pure type, and (A, X, s) are as above, we deduce from 
Theorem 1.1 of [MS] that for all closed points t E Spec A, the following 
conditions hold: 
(a) The natural restriction maps 
are isomorphisms, where a(i) = xi e( 1). 
(b). E(7) has only normal crossings, and one of the following holds: 
(i) s(t) is an irreducible (smooth) ordinary elliptic curve. 
(ii) E(t) is an irreducible rational curve with exactly one singular 
point, which is a node. 
(iii) 6$(t) E P’ for all i, and the graph of b(t) is an n-gon. 
(iv) a(t) z P1 for all i, and the graph of g(7) is a tree. 
From the properties (i)(vi) of (A, X, s) listed above, we deduce that the 
“generic libre” X satisfies the following conditions: 
48,ll42/2-6 
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(a’) the restriction map 
is an isomorphism. 
(b’) E has only normal crossings, and one of the following holds: 
(i) E is an irreducible smooth elliptic curve. 
(ii) E is an irreducible rational curve with only one singular point, 
which is a node. 
(iii) Ej E P’ for all i, and the graph of E is an n-gon. 
(iv) Ei % P’ for all i, and the graph of E is a tree. 
In the situation (b’)(i), we may further enlarge A so that the section s 
lifts to a section of &’ -+ Spec A, and &’ is smooth over Spec A. Then 8 has 
the structure of a l-dimensional abelian scheme over Spec A. Since the 
j-line Spec Z [j] is a coarse moduli scheme for l-dimensional abelian 
schemes, there is an induced map 
8: Spec A + Spec Zb] 
such that for t E Spec A, O(t) “is” the j-invariant of the elliptic curve 
8(t) = d x spec A Spec F(t). 
We now distinguish between two cases: 
(i) 6 is dominant, i.e., the j-invariant of E/k is transcendental over Q 
(the held of rationals). 
(ii) The image of 0 is contained in a divisor in Spec Z[j] (domi- 
nating Spec Z), i.e., the j-invariant of E/k is algebraic over Q. 
We claim that if R is of F-pure type, the first case is impossible. Indeed, 
since A is a linitely generated Z-algebra, if 8 is dominant, then the image 
of tI contains a non-empty Zariski open set U of Spec Z[j] = Ai c Pi. If 
u = u_x Spec z Spec Q (where Q is the algebraic closure of Q in k), and if 
Pb - U consists of d closed points, then for all but a linite number of prime 
numbers p, UP = U x spec z Spec F, (where F, is the algebraic closure of F,, 
the held with p elements) has the property that P1 - Dp consists of d closed 
points. Now Spec P,,[ j] is the coarse moduli scheme for elliptic curves over 
F,; the supersingular (i.e., non-ordinary) elliptic curves are known to 
correspond to 2 [p/12] closed points of Akp, by results of Igusa [I]. Since 
[p/12] > d for all but a finite number of p, I!?, c Aa must contain some 
points corresponding to supersingular elliptic curves, for all but a finite 
number of primes p. This contradicts the fact that a0 tibres of 8 + Spec A 
over closed points are ordinary elliptic curves. 
In the second case, E/k is an elliptic curve whose j-invariant is algebraic. 
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Let K= Q(j(E)), which is a number field; then one knows that E has a 
model delined over K. Thus, replacing Spec A by an open subscheme if 
necessary, we can find a finite set of primes S of OK, the ring of integers of 
K, such that if S-‘OK is the ring of S-integers, then there is a l-dimensional 
abelian scheme $ + Spec S-‘OK such that d + Spec A is obtained by the 
base change with respect to the natural inclusion S-‘OKc A (induced by 
the j-invariant). Thus, &O corresponds to an elliptic curve over K which has 
good reduction at all but a finite number of primes of Co,. 
If E,/K is the generic tibre of $, one knows that if E, has complex mul- 
tiplication (possibly over a quadratic extension of K, in which case we may 
replace K by this extension, whose ring of integers may be assumed to be 
also contained in A), then the set of primes of Co, where E, has super- 
singular reduction has Dirichlet density i and in particular is inlinite (see 
[Ha, Chap. IV]). Hence E. cannot have complex multiplication. Even if E,, 
does not have complex multiplication, a conjecture of Lang and Trotter 
[LT] (see also [Ha, Chap. IV]) implies that there are inlinitely many 
primes where &, has supersingular reduction. Hence, if R is of F-pure type, 
with exceptional divisor of type (b’)(‘) 1 an a smooth elliptic curve E, then d 
E is delined over a number field, does not have complex multiplication, 
and would be a counterexample to the Lang-Trotter conjecture. 
Conversely, if R is a surface singularity whose minimal resolution has as 
its reduced exceptional divisor a smooth elliptic curve delined over a num- 
ber held, which is a counterexample to the Lang-Trotter conjecture (i.e., 
has ordinary reduction at all but a finite number of primes), then 
Theorem 2.1 of [MS] implies that R is of F-pure type. 
Next, consider the possibilities (b’)(ii), (iii). It is easy to construct exam- 
ples of singularities of these types which are of F-pure type. Again, if R is 
a normal surface singularity and E the reduced exceptional divisor of its 
minimal resolution, then if E has normal crossings and is of type (b’)(ii) or 
(iii), Theorem 2.1 of [MS] again implies that R is of F-pure type. 
Finally, consider the case (b’)(iv), which is equivalent to R having a 
rational singularity (given (a’)). The class group Cl(R) is linite for any 
rational (surface) singularity; in particular, let m be the order of [oR] in 
Cl(R), where wR is the dualising module. If U = Spec R - (P} is the 
punctured spectrum, then Pit U z Cl(R), and so oU is an invertible sheaf 
of order m in Pit U. Choose an isomorphism WE” g Lo,; this makes 
a sheaf of Oralgebras whose spectrum yields an &tale cyclic Galois cover 
rt: I’+ U of degree m (such that rc* CO, = 9’). Then S = r( V, 0,) = r( U, Y) 
is a normal local ring which is a finite R-module, whose punctured 
spectrum is K Further, oy g rc*w z 0 U- U by construction so that S is 
354 V. SRINIVAS 
Gorenstein. Finally, though the isomorphism class of S depends on the 
choice of the isomorphism o z”’ E 0, (upto multiplication by mth powers 
of units of R), the analytic isomorphism class of S (the isomorphism class 
of its completion) depends only on R. All this is valid for any rational 
surface singularity in characteristic 0; an analogous construction can be 
made in characteristic p provided p j m. 
Now if R has F-pure type, then the data (A, X, s) may be chosen so that 
if S is obtained by the above construction, then there is an A-scheme X’ 
which is separated and of finite type, a section s’: Spec A + X’, a linite 
morphism of A-schemes n: Xt^ ’ + X such that no s’ = s, and which restricts 
to an etale cyclic Galois cover X’ - s’(Spec A) + X - s(Spec A), such that 
if X’=X’x specA Spec k, and P’ E x’ the point given by s’, then S = OF,,.. 
Further, we may assume m -’ E A (where m is the degree of S over R), and 
for each closed point t E Spec A, if Si = 0s,c7j, z,cTj, then Si is obtained from 
Ri by an analogous construction in characteristic p. Thus Si is Gorenstein, 
and a finite R7module, and Spec Si + Spec Ri is an &tale cyclic Galois 
cover of degree m on the punctured spectra. If UiC Spec Ri, Vim Spec Si 
are the respective punctured spectra, then the exact sheaf sequence (R’ is 
the sheaf of locally exact l-forms) 
is obtained from 
by wWr% v*, where u: Vim Ui. Also, the bottom sequence is obtained 
from the top one by applying the functor q* and taking Galois invariants. 
Thus, the bottom sequence splits if and only if the top one does. Hence, if 
R is a rational (normal) surface singularity, and S is obtained from R by 
the above construction, then R is of F-pure type if and only if Sis. 
Now if S is Gorenstein and of F-pure type, then either S has a rational 
double point (any Gorenstein rational surface singularity is a rational 
double point), so that R has a quotient singularity, or else, S has a 
singularity* of one of the types (b’)(i), (ii), (iii). Conversely, suppose R is 
a normal surface singularity which is either a quotient singularity, or else 
a Gorenstein cover S constructed as above has a singularity of type (b’)(i), 
(ii), or (iii), then R is of F-pure type (in the latter case, since S if of F-pure 
type, as seen earlier). As explained earlier, (b’)(i) cannot occur according 
to the Lang-Trotter conjecture. Below, we give examples of rational 
singularities R such that the corresponding rings S have singularities of 
type (b’)(iii), where the exceptional divisor of the minimal resolution of 
Spec S has an even number of components, and the degree m = 2. 
We claim that if R is a rational normal surface singularity (in charac- 
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teristic 0) of F-pure type, then S constructed as above cannot have a 
singularity of type (b’)(ii), or of type (b’)(iii), where the exceptional divisor 
of the minimal resolution has an odd number of components. Indeed, it 
suffices to consider the case k = C; assume that R is a rational normal 
surface singularity, and S constructed above is of type (b’)(ii) or (iii). Let 
s = op, X’, and let f’: Y’ -+ x’ be the minimal resolution of P’. Let Yg, be 
the associated analytic space. Then R’f i 8,;” is the skyscraper sheaf C at 
P’E Xg”, and the natural map 
R’f’,C+ R’f;B,, a” 
is a C-linear isomorphism. Now R’f!+ Z is the skyscraper sheaf Z supported 
at P’eXL”, and R’~~CE(R’~~Z)@~C. If (T is a generator of 
Gal(S/R) g Z/mZ, then the action of CJ on R’f LZ must be through an 
automorphism of the skyscraper sheaf Z, such that the induced action on 
R’f !+C is obtained by extending scalars to C. Since the ring R of 
a-invariants of S has a rational singularity, the action of Z/mZ on R’f !$I,, 
has no invariants. Thus, CJ must act by multiplication by ( - 1) on 
R1f;Z=Zpp, and hence also on R’f i 0,” 2 C,, . Hence a similar claim 
holds for the action of (T on the Zariski sheaf R’f ‘,0,., which is the 
skyscraper sheaf C,. for the Zariski topology. Let S, c S be the subring of 
invariants for rr2 (thus Sl/R has degree 2). If fl: 2, + Spec S, is the 
minimal resolution, then R’f, * Cn,, is the Zariski skyscraper sheaf C at 
the closed point. Since S has a singularity of F-pure type, and 
Spec S -+ Spec S, is an etaie Galois cyclic cover of degree m/2 on the 
punctured spectra, S[ also has F-pure type and has a non-rational 
singularity, i.e., a singularity as in (b’)(ii) or (iii) (S, cannot be of type 
(b’)(i), since we assumed S is not, and an elliptic curve cannot be the image 
of a rational curve under a morphism). But then S, is Gorenstein, and 
Spec S, -+ Spec R is finite and is etale on the punctured spectra. Hence we 
must have S = S, , m = 2, and IJ is a involution on S. This is valid, assum- 
ing only that S of type (b’)(ii) or (iii). 
We claim that (r induces an involution of the minimal resolution 
2’ + Spec S. Indeed, we may assume that g extends to an involution of X’, 
an affme surface, with an isolated fixed point P’ E x’, which is the only 
singularity of X’. Let f ‘: Y’ -+ X’ be the minimal resolution. Then D induces 
a rational map Y’ -+ Y’ whose fundamental locus is contained in the excep- 
tional divisor E’ =f ‘- ‘(P’). If this is not a morphism, we can find a 
diagram 
W 
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where q, r are proper birational morphisms of smooth surfaces, such that 
for some exceptional curve I&c W of the first kind (&,gP’, 
(E, .-I&,)= -l), q(E,) is a curve, while r(E,) is a point. But q(Eo)c E’, 
which is the exceptional divisor of the minimal resolution; hence 
(q( E,) . q(E,)) > - 2, and so (E, . E,) > - 2, a contradiction. 
Thus 0 induces an involution (again denoted 0) of Y’ mapping E’ into 
itself. We now show that E’ cannot be an irreducible rational curve with 
a node, or an n-gon of smooth rational curves, where n is odd. Since 0 acts 
by multiplication by (- 1) on (Rtf;O,.)..g H’(E’, oE,), one sees easily 
that the set of smooth points of E’ can be given the structure of an 
algebraic group in a unique way such that 0 restricts to the inverse map for 
the group law. If E’ is a nodal rational curve, or an n-gon of smooth 
rational curves with n odd, then this algebraic group has only one point of 
order 2; hence, one sees that the a-action on E’ has a fixed point, which 
is a singular point Q E E’, such that 0 interchanges the two branches of E’ 
at Q. Thus we can find a regular system of parameters X, y at Q such that 
a(x) = y, and a(y) = x. Then the zeroes of x - y give a curve passing 
through Q, consisting of fixed points of 0, and which is not contained in 
E’ (whose local equation at Q is xy=O). Hence CJ does not act without 
fixed points on the punctured spectrum of S, which is contradiction. 
To sum up, we have shown that if R has a rational normal surface 
singularity, then R is of F-pure type if and only if either (1) R has a 
quotient singularity, or (2) S has a singularity of type (b’)(i), or (3) S has 
a singularity of type (b’)(iii) with an even number of exceptional 
irreducible components, and deg(S/R) = 2. This completes the proof of the 
theorem. 
2. EXAMPLES 
2.1. We sketch the construction of a rational singularity of F-pure 
type which is not a quotient singularity. Let W,, be the elliptic modular 
surface of level n, where n is even (see Shioda [S, Example (5.4)] 
for a description and properties of these surfaces; for n = 2, let W, be the 
surface obtained by blowing up the ordinary double points p = x = y = 0, 
p-2 =y =x-z = 0 of the hypersurface in P* x P1 with equation 
;ly*z = x(x - z)(Ax - pz), where x, y, z and ,I, p are homogeneous coor- 
dinates on P* and P’, respectively). There is an elliptic fibration 
+,,: W, + X(n), where X(n) is the modular curve of level n (for n = 2, ti2 is 
induced by the projection P* x P1 + P1 g X(2)). Let CI, . . . . C,Z be the sec- 
tions giving the universal level n-structure for the elliptic fibration I,+,, (for 
n = 2, the Cj are the strict transforms of the curves given by z = x = 0, 
y=x=O, y=x-z=O, and y=Ax-pz=O). Let D be a singular fibre of 
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$n, so that D is a reduced divisor with normal crossings with n irreducible 
components, D = D, + . . + D,, where Di E P1 for all i, and the graph of 
D is an n-gon (for n = 2, let D be the libre given by p = 0). Let h: Y -+ W,, 
be the blowup of W,, at the points of D n (xi C;); this includes the three 
points of order 2 for the group structure on the set of smooth points of D, 
since n is even. Let F be a smooth libre of Y + X(n), and let ci, Dj be the 
strict transforms of Ci, Di, respectively, for all i, j. Let H = Cici + dF, 
where d > 0 is sufficiently large. Then one verifies easily that (i) HZ > 0, 
(ii) (H. Dj) = 0 for all j, (iii) (H . C) > 0 for any irreducible curve Cc Y 
such that C # 0, for any j (for n = 2 one replaces H by the Cartier divisor 
2H). These conditions imply that for large 1, the linear system i/H/ gives a 
birational morphism g: Y+ X such that g(C B,) = {P} is the unique 
singular point of 1, and Y - lJ bj -% X- {P> (for n = 2 we take I to be 
even). Then S= op,, has a singularity of type (b’)(iii). One checks further 
that the involution of W,,, induced by the inverse maps for the group laws 
on the libres of tin, gives an involution of Y which maps U Dj into itself, 
whose locus of fixed points on Y has no curve meeting U Bj. This yields 
an involution v of S, which acts freely on the punctured spectrum, whose 
ring of invariants R has a rational singularity of the desired type. 
2.2. We give an example of a rational surface singularity which is 
not of F-pure type, but is of F-injectiue type (a local ring (R, A!) in charac- 
teristic p is F-injective if the Frobenius action on the local cohomology 
group H;,(R) is injective for each i; a surface singularity R in characteristic 
0 is of F-injective type if “its reduction modulo p is F-injective for almost 
all p”-we leave the careful formulation of this, along the lines of our 
detinition of F-pure type given in Section 1, to the reader). 
Let C be a hyperelliptic curve of genus g > 2 over a field k of charac- 
teristic 22. Let p=wp3, and let X=Spec Ona,Ho(C,T’@“), P~Xthe 
unique (normal) singular point, and set S = Up,X. Since X is the alline cone 
over C for the projective embedding given by 3, the minimal resolution of 
singularities of X is obtained by blowing up P, with reduced exceptional 
divisor E E C. Let f: Y -+ C be the resolution. 
Let g be the hyperelliptic involution of C. Then (T acts on oc in a natural 
way such that the induced action on H’(C, wc.) is multiplication by ( - 1). 
In particular, cr acts by ( - 1) on the libre of oc over any lixed point of 0 
on C, since oc is generated by its global sections. Hence, 0 acts by multi- 
plication by (- 1) on the libres of 0:’ over fixed points of rr, for odd r; in 
particular, this holds for 9. Thus the induced involution of S has no tixed 
points on the punctured spectrum. Let R be the ring of invariants; since (T 
acts by multiplication by (- I) on H’(C, oc) z (R%O,),, we see that R 
has a rational singularity. Clearly R does not have F-pure type, as S does 
not, when characteristic k = 0. 
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We claim that if the analogous construction is carried out in charac- 
teristic p # 2, then the ring R so obtained is F-injective (then the analogous 
construction in characteristic 0 clearly gives a ring R of F-injective type, as 
desired). To prove this, it suffices to prove that the Frobenius action on 
H>(S) is injective on the subspace of o-invariants. There is a natural 
identification, compatible with g and Frobenius, 
H$(S)E 0 H’(C, Yy=H’(C, Oc)@ @ Hl(C, LPy , 
rlEZ ( n<o > 
where the two summands of the last term are preserved by 0 and 
Frobenius. We claim that the Frobenius action on en<0 H’(C, 3@“) is 
injective; then the kernel of Frobenius on H>(S) is contained in 
H’(C, Co,), on which 0 acts by multiplication by ( - 1 ), and so we will be 
done. 
To prove the claim, we must show that for each n < 0, the natural map 
(induced by Frobenius) 
I): H’(C, Ton) + H’(C, .Py 
is injective. We have an exact sheaf sequence (B’ = sheaf of exact l-forms) 
O+c?&+F,&+ B;+0. 
Tensoring with Y@” (n < 0), and using F*LZ@” E Pp”, yields 
O-+9- & F,6P@P”+Z@)“QB;+O, 
where + is the map on H’ induced by a. Now Bgc F*wc, so it suffices to 
prove that H’(C, L?@” 0 oc) = 0 for n < 0. But 
and 0:’ +3p” is a negative tensor power of oc, which has no global 
sections. 
REFERENCES 
[E] N. E. ELKIES, The existence of intinitely many supersingular primes for every elliptic 
curve over Q, Inuenl. Math. 89 (1987) 561-568. 
[H] M. HOHSTER, F-pure algebras and algebras of F-pure type, in “Proceedings, Conf. on 
Comm. Algebra, Katata, Japan, 1981.” 
[HR] M. HOCHSTER AND J. L. ROBERTS, The purity of Frobenius and local cohomotogy, 
Ado. in Math. 21 (1976), 117-172. 
[Ha] R. HARTSHORNE, “Algebraic Geometry,” Graduate Texts in Mathematics, Vol. 52, 
Springer-Verlag, New York, 1977. 
SINGULARITIES OF F-PURE TYPE 359 
[I] J.-l. IGUSA, Class number of a detinite quaternion algebra with prime discriminant, 
Proc. Nat. Acad. Sci. U.S.A. 44 (1958), 312-314. 
[LT] S. LANG AND H. F. TRO~R, Frobenius distributions in G&-extensions, in “Lecture 
Notes in Mathematics, Vol. 504,” Springer-Verlag, New York, 1976. 
[MS] V. B. MEHTA AND V. SRINIVAS, Normal F-pure surface singularities, J. Algebra 142 
(1991). 
[S] T. SHIODA, Elliptic modular surfaces, J. Math. Sot. Japan 24 (1972), 2&59. 
[W] K.-I. WATANABE, Study of F-purity in dimension two, in “Proceedings, Conf. on 
Algebraic Geometry in Honor of M. Nagata, Kinokyniya, Japan,” 1988, pp. 791-800. 
